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In an external magnetic field perpendicular to the plane of the layers, the quasi two-dimensional
frustrated antiferromagnet Cs2CuCl4 exhibits a magnetically ordered “cone state” at low temper-
atures. In this state the component of the magnetic moments in field direction is finite, while
their projection onto the plane of the layers forms a spiral. We present both theoretical and ex-
perimental results for the magnetic-field dependence of the elastic constants and the ultrasonic
attenuation rate in the cone state. Our theoretical analysis is based on the usual spin-wave expan-
sion around the classical ground state of a Heisenberg model on an anisotropic triangular lattice
with Dzyaloshinskii–Moriya interactions. Magnon-phonon interactions are modeled by expanding
the exchange interactions up to second order in powers of the phonon coordinates. As long as the
external magnetic field is not too close to the critical field where the cone state becomes unstable,
we obtain reasonable agreement between theory and experiment, suggesting that at least in this
regime magnons behave as well-defined quasiparticles. We also show that the assumption of well-
defined magnons implies that at long wavelengths the ultrasonic attenuation rate in the cone state
of Cs2CuCl4 is proportional to the fourth power of the phonon momentum.
PACS numbers: 43.35.+d, 75.10.Jm, 75.30.Ds, 72.55.+s
I. INTRODUCTION
In recent years a large amount of theoretical and ex-
perimental work has been devoted to low-dimensional
quantum magnets on frustrated lattices.1 In these sys-
tems enhanced quantum fluctuations and competing in-
teractions can stabilize magnetically disordered ground
states in certain parameter regimes. The phase transi-
tions between ordered and disordered phases as a func-
tion of some nonthermal control parameter, such as an
external magnetic field, have attracted a lot of attention.
An important realization of such a frustrated magnet ex-
hibiting a rather complex phase diagram, including mag-
netically ordered and disordered phases, is the magnetic
insulator Cs2CuCl4. This material was synthesized and
characterized about 15 years ago.2,3 Coldea et al.4 de-
termined the magnetic structure and pointed out that
it is a realization of a triangular lattice antiferromagnet
with two different exchange couplings J and J ′ whose
magnitude is less than 1 meV. The effective g-factor
was obtained by electron spin resonance measurements5.
Later on, an effective model Hamiltonian was deduced
from high field measurements.6 The observation of Bose-
Einstein condensation of magnons7 and investigations on
the phase diagram followed. An ordered cone state and
a ferromagnetic phase which are connected by a quan-
tum critical point were discovered. The challenge to gain
a quantitative microscopic understanding of the exper-
imental observations has motivated a large number of
recent theoretical works.8–17
There are two complementary theoretical points of
view: On the one hand, it has been argued that the differ-
ence in the two competing exchange couplings in the lay-
ers is sufficiently large to view the system as a collection
of weakly coupled spin chains.14–17 The properties of the
decoupled one-dimensional spin chains can then be ob-
tained nonperturbatively using bosonization techniques,
while the weak coupling between the chains is usually in-
cluded using some kind of mean-field approximation. Be-
cause in this approach one assumes that the elementary
excitations of the system can be connected to the spinons
of the one-dimensional spin chains, this approach is most
natural to describe the spin-liquid sector of the phase di-
agram. On the other hand, for the description of the part
of the phase diagram which exhibits magnetic order, it
seems to be more natural to start from the usual spin-
wave picture and expand in fluctuations around an or-
dered classical ground state using the Holstein–Primakoff
transformation.8–12,18,19 Formally, this approach is based
on the smallness of the inverse spin quantum number
1/S. However, even for S = 1/2 the result of the
1/S-expansion has often been surprisingly accurate, at
least for quantum antiferromagnets on nonfrustrated lat-
tices. It is therefore reasonable to expect that the 1/S-
expansion is a good starting point to describe the mag-
netically ordered cone state of Cs2CuCl4, which is sta-
ble at sufficiently low temperatures and in a range of
magnetic fields oriented perpendicular to the layers. It
turns out, however, that the 1/S-expansion in the cone
state has been only partially successful because experi-
mentally observed large quantum renormalizations of the
exchange energies could not be explained by including
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2only the leading 1/S corrections to linear spin-wave the-
ory. In particular, Veillette et al.9 calculated the dy-
namical structure factor in the cone state of Cs2CuCl4,
including the leading 1/S corrections to linear spin-wave
theory. Although they found that the spin-wave interac-
tions explain, on a qualitative level, many experimentally
observed features, there was no quantitative agreement
between theory and experiment. Whether or not infi-
nite resummations of the 1/S-expansion retaining certain
types of interaction processes would improve the agree-
ment with experiments remains an open problem.
The purpose of this paper is to further investigate the
validity of the spin-wave picture in the cone state of
Cs2CuCl4. Therefore, we present both experimental and
theoretical results for the magnetic-field dependence of
the elastic constants and the ultrasonic attenuation rate
in Cs2CuCl4 at low temperatures and in the range of
magnetic fields where the cone state is stable. Since the
lattice vibrations are coupled to the spin excitations, the
magnetic-field dependence of the energy and the damp-
ing of the phonon excitations provides useful information
about the magnetic excitations. Indeed, in the vicinity
of a magnetic phase transition one expects rather strong
magnetic-field dependence of the phonon degrees of free-
dom, so that one can map out the phase diagram by
measuring the elastic constants and the phonon damp-
ing which determines the ultrasonic attenuation rate.20
Previous ultrasonic investigations of the longitudinal
c22-mode on single crystals of Cs2CuCl4 by Sytcheva
et al.21 focused on the nature of the different phases
and on the field-induced quantum critical point. Our
theoretical approach is complementary to the approach
adopted by the authors of Ref. [21], who obtained the
elastic constants from simple phenomenological expres-
sions for the thermodynamic potentials20 and relied on
phenomenological relaxation rates to determine the ul-
trasonic attenuation rate.21 In contrast, our derivation
of the ultrasonic attenuation rate and the elastic con-
stants is based on a microscopic calculation starting from
the relevant Heisenberg Hamiltonian. Although the the-
ory of magnetoelastic interactions is well established20,22
there have been only a few previous investigations of the
interplay between spins and lattice vibrations in trian-
gular lattice antiferromagnets23–25 and other frustrated
spin systems.26 In particular, microscopic investigations
of the interaction between spin and lattice degrees of free-
dom in the cone state of Cs2CuCl4 have so far not been
carried out.
The rest of this paper is organized as follows: Our
starting point in Sec. II A is the assumption that the in-
terplay between magnetic and lattice degrees of freedom
in Cs2CuCl4 can be described by a spin S = 1/2 quan-
tum Heisenberg antiferromagnet on a distorted triangu-
lar lattice with Dzyaloshinskii–Moriya (DM) anisotropy
in an external magnetic field. The coupling between
magnons and phonons arises from the fact that the ex-
change integrals and the DM interactions depend on the
distances between the actual positions of the ions, which
in turn depend on the phonon coordinates. Assuming an
ordered classical ground state (the cone state discussed
in Sec. II B), we model the low-lying spin excitations in
terms of suitably defined interacting Holstein–Primakoff
bosons. By expanding the exchange integrals to second
order in the phonon coordinates we obtain in Sec. II C the
effective magnon-phonon interaction. In particular, we
explicitly derive the relevant interaction vertices, which
exhibit rather complicated momentum dependencies due
to the spiral spin structure of the cone state.
In Sec. III we then use functional integration tech-
niques and diagrammatic perturbation theory to calcu-
late the renormalization of the phonon energies due to
the coupling to the magnons. Formally, this renormal-
ization can be described in terms of a momentum- and
frequency-dependent phonon self-energy, whose real part
gives the shift in the phonon velocities (which are related
to the elastic constants), and whose imaginary part gives
the phonon damping (which is related to the ultrasonic
attenuation rate). Using the fact that in Cs2CuCl4 the
velocities of acoustic phonons are large compared with
the magnon velocities, we can derive analytic expressions
for the magnetic-field-dependent part of the elastic con-
stants and the ultrasonic attenuation rate. In particular,
we show that the for small wavevectors k the ultrasonic
attenuation rate in Cs2CuCl4 is proportional to k
4.
In Sec. IV we present our experimental results for
the magnetic-field dependence of the elastic constants
and the ultrasonic attenuation rate in the cone state of
Cs2CuCl4 and compare them with our theoretical pre-
dictions. In the regime of magnetic fields where our
perturbative calculation is valid we find good agreement
between theory and experiment. Finally, in Sec. V we
present our conclusions and discuss some open problems.
In the appendix we evaluate the contribution of scat-
tering processes involving intermediate states with one
phonon and one magnon to the ultrasonic attenuation
rate; we show that in Cs2CuCl4 the smallness of the
magnon velocities in comparison with the phonon veloc-
ities guarantees that these processes are small compared
with the processes considered in Sec. III B.
II. MAGNON-PHONON INTERACTIONS IN
THE CONE STATE OF Cs2CuCl4
A. Spin-phonon Hamiltonian
To model the magnetoelastic properties of the frus-
trated quantum antiferromagnet Cs2CuCl4, we start
from the following spin-phonon Hamiltonian,
H = Hphospin +H
pho, (2.1)
where the first term is of the form6,8,9
Hphospin =
1
2
∑
ij
[JijSi · Sj +Dij · (Si × Sj)]−
∑
i
h · Si.
(2.2)
3Here the Si are spin S = 1/2 operators at positions ri,
the Jij are the exchange energies connecting spins at po-
sitions ri and rj , the antisymmetric vectors Dij model
the DM interaction, and h is an external magnetic field.
The second term in Eq. (2.1) describes noninteracting
acoustic phonons,
Hpho =
∑
kλ
ωkλ
(
a†kλakλ +
1
2
)
, (2.3)
where akλ annihilates a phonon with wavevector k and
polarization λ, and the long-wavelength dispersion of the
phonons is
ωkλ = cλ(kˆ)|k|. (2.4)
The velocities cλ(kˆ) of the phonons depend on their prop-
agation direction kˆ = k/|k|. The spin-phonon interac-
tion in Eq. (2.2) arises from the fact that ri and rj are
the actual positions of the spins for a given configura-
tion of lattice distortions {Xi}. Denoting by {Ri} the
positions of the corresponding Bravais lattice, we have
ri = Ri + Xi. The lattice distortions are quantized in
the usual way,
Xi =
1√
N
∑
k
eik·RiXk, (2.5a)
Xk =
∑
λ
Xkλekλ, (2.5b)
Xkλ =
1√
2Mωkλ
(akλ + a
†
−kλ), (2.5c)
where the unit vectors ekλ define the polarization direc-
tions of the phonons. Introducing the momentum oper-
ators conjugate to the Xkλ,
Pkλ =
1
i
√
Mωkλ
2
(akλ − a†−kλ), (2.6)
the pure phonon Hamiltonian (2.3) can be written as
Hpho =
∑
kλ
[
P−kλPkλ
2M
+
M
2
ω2kλX−kλXkλ
]
. (2.7)
Assuming that positions of the spins deviate only slightly
from their equilibrium values, we may expand the ex-
change couplings Jij and the DM vectors Dij in powers
of the difference vectors Xij = Xi −Xj ,
Jij = J(Rij) + (Xij · ∇r) J(r)|r=Rij
+
1
2
(Xij · ∇r)2 J(r)|r=Rij + · · · , (2.8a)
Dij = D(Rij) + (Xij · ∇r) D(r)|r=Rij
+
1
2
(Xij · ∇r)2 D(r)|r=Rij + · · · , (2.8b)
where Rij = Ri − Rj is again a vector of the Bravais
lattice. Substituting the expansions (2.8a, 2.8b) into
FIG. 1. (Color online) Triangular lattice with the lattice pa-
rameters b and c describing the geometry of a single layer
of Cs2CuCl4. The magnetic ions are located at the edges
of the triangles (black dots) and are mainly coupled via the
coupling J (solid line) in x-direction and J ′ along the diag-
onals (dashed line). The gray dots indicate the position of
the chlorine atoms mediating the exchange interaction, which
depends in a simple model on the three distances l1, l2, l3 and
on the two bonding angles α1 and α2. For simplicity, we lump
these dependencies into the variation of the bond length. In
the same manner, also the dependence of the coupling J ′ on
the angle ϕ is neglected.
Eq. (2.2) we obtain an expansion of our spin-phonon
Hamiltonian in powers of the phonon operators,
Hphospin = Hspin +H
1pho
spin +H
2pho
spin + · · · , (2.9)
where the pure spin part Hspin is obtained by assuming
that the spins are located at the sites Ri of the Bra-
vais lattice, while the spin-phonon interactionsH1phospin and
H2phospin describe the coupling of one and two powers of the
phonon operators Xij to the spin system.
The pure spin part Hspin of our spin-phonon Hamil-
tonian (2.9) which is formally identical with Eq. (2.2)
except that now the spins are located at the sites Ri of
the Bravais lattice. From the values compiled in Tab. I it
is clear that for the layered material Cs2CuCl4 the cou-
plings between neighboring layers is very small6,27 so that
we may ignore the interlayer coupling J ′′ and focus on
a single layer. The spins are then located at the sites of
a distorted triangular lattice characterized by the lattice
parameters b and c, as shown in Fig. 1. Within the planes
of the lattice, we assume an anisotropic nearest-neighbor
exchange,6,8,9
Jij = J(Ri −Rj) =
{
J if Ri −Rj = ±(δ1 + δ2)
J ′ if Ri −Rj = ±δ1 or ±δ2 ,
(2.10)
where
δ1 =
b
2
ex +
c
2
ey, (2.11a)
δ2 =
b
2
ex − c
2
ey, (2.11b)
so that δ1 + δ2 = bex (see Fig. 1). The DM vectors Dij
are assumed to point in the z-direction and connect sites
4Parameter Value (meV)
J 0.374(5)
J ′ 0.128(5)
J ′′ 0.017(2)
D 0.020(2)
TABLE I. Accepted values6,8 of the in-plane exchange in-
teractions J and J ′, the inter-plane interaction J ′′, and the
Dzyaloshinskii–Moriya interaction D in Cs2CuCl4. All com-
parisons between theory and experiment presented in this pa-
per are based on these values. Note that the largest exchange
coupling J = 0.374 meV corresponds to a temperature of 4.34
Kelvin.
in the directions ±δ1 and ±δ2,
Dij = Dijez = D(Ri −Rj)ez , (2.12)
with Dij = −Dji given by
Dij = D(Ri −Rj) = ±D if Ri −Rj = ±δ1 or ±δ2.
(2.13)
For Cs2CuCl4, experimental estimates for J , J
′, D, and
the interlayer exchange coupling J ′′ are summarized in
Tab. I. Throughout this paper, we assume that the ex-
ternal magnetic field is perpendicular to the plane of the
lattice, h = hez. In the experimentally relevant regime
J ′ < 2J the spin system has then a unique classical
ground state, as discussed in the following section. If the
magnetic field lies in the plane of the lattice the ground
state is more complicated and cannot be described within
the framework of the spin-wave expansion used in this
paper.17
B. Spin-wave expansion
1. General procedure
To set up the spin-wave expansion, we should first iden-
tify the ground-state spin configuration in the classical
limit, where the spin operators are replaced by three-
component classical vectors of length S, i.e., Si → Smˆi,
where mˆi are unit vectors which point in the direction of
the local magnetization.9 In the experimentally relevant
regime J ′ < 2J the classical ground state of our model is
a spiral in the plane of the lattice, which is tilted towards
the direction of the magnetic field. In this so-called “cone
state” the magnetization points locally in the direction9
mˆi = cθ[cos(Q ·Ri)ex + sin(Q ·Ri)ey] + sθ ez, (2.14)
where we have introduced the abbreviation
sθ = sin θ , cθ = cos θ. (2.15)
This state is characterized by the opening angle θ of
the cone and the wavevector Q of the spiral, as shown
FIG. 2. (Color online) Projection of the graph of the “cone
state”, which is the classical ground state of the anisotropic
triangular lattice antiferromagnet for J ′ < 2J and magnetic
field perpendicular to the lattice plane. Note that the wave-
length 2pi/Qx of the spiral has the indicated length and points
along the x-axis in the direction of the arrow.
in Fig. 2. To bosonize our spin Hamiltonian using the
Holstein–Primakoff transformation, we follow the general
procedure outlined in Refs. [28 and 29] and complement
the unit vectors mˆi by two orthogonal unit vector e
(1)
i
and e
(2)
i such that {e(1)i , e(2)i , mˆi} form a right-handed
triad of orthogonal unit vectors for each site Ri. The
transverse basis vectors e
(1)
i and e
(2)
i are defined only
up to a local U(1) gauge transformation.28 A convenient
choice is
e
(1)
i = sin(Q ·Ri)ex − cos(Q ·Ri)ey, (2.16)
e
(2)
i = sθ[cos(Q ·Ri)ex + sin(Q ·Ri)ey]− cθ ez.
(2.17)
Next we introduce the corresponding spherical basis vec-
tors
epi = e
(1)
i + ipe
(2)
i , p = ±, (2.18)
and expand the spin operators in this basis,
Si = S
‖
i mˆi + S
⊥
i , (2.19)
with the transverse part given by
S⊥i =
1
2
∑
p=±
S−pi e
p
i . (2.20)
The spin components are then bosonized using the
Holstein–Primakoff transformation,
S
‖
i = S − ni, (2.21a)
S+i =
√
2S
√
1− ni
2S
bi, (2.21b)
S−i =
√
2Sb†i
√
1− ni
2S
, (2.21c)
5where ni = b
†
i bi and bi are canonical boson operators.
The bosonized spin part of our Hamiltonian can then be
written as
Hspin = H0 +H2‖ +H4‖ +H⊥ +H‖⊥, (2.22)
where
H0 =
S2
2
∑
ij
J
‖
ij − S
∑
i
h · mˆi, (2.23)
H2‖ = −S
2
∑
ij
J
‖
ij(ni + nj) +
∑
i
h · mˆini, (2.24)
H4‖ =
1
2
∑
ij
J
‖
ijninj , (2.25)
H⊥ =
1
2
∑
ij
[
JijS
⊥
i · S⊥j +Dij · (S⊥i × S⊥j )
]
=
1
8
∑
ij
∑
pp′
Jpp
′
ij S
−p
i S
−p′
j , (2.26)
H‖⊥ =
∑
ij
S⊥i · [(Jij −Dij×)mˆj(S − nj)− δijh]
= −
∑
ij
S⊥i · [(Jij −Dij×)mˆjnj ] , (2.27)
where in the last line we have used the fact that the spin
configuration in the classical ground state satisfies28
mˆi ×
[
h− S
∑
j
(Jij −Dij×)mˆj
]
= 0. (2.28)
For simplicity we have introduced the following effective
couplings between longitudinal and transverse spin fluc-
tuations,
J
‖
ij = Jijmˆi · mˆj +Dij · (mˆi × mˆj), (2.29a)
Jpp
′
ij = Jij(e
p
i · ep
′
j ) +Dij · (epi × ep
′
j ). (2.29b)
Defining ϕi = Q ·Ri and ϕij = ϕi−ϕj = Q · (Ri−Rj),
we obtain with our choice of basis
J
‖
ij = Jij [s
2
θ + c
2
θ cosϕij ]−Dijc2θ sinϕij , (2.30a)
J+−ij = (J
−+
ij )
∗
= Jij [c
2
θ + (1 + s
2
θ) cosϕij − 2isθ sinϕij ]
−Dij [(1 + s2θ) sinϕij + 2isθ cosϕij ], (2.30b)
J++ij = J
−−
ij
= −c2θ [Jij(1− cosϕij) +Dij sinϕij ] . (2.30c)
It is convenient to introduce the Fourier transforms of
the exchange couplings and the DM interaction:
Jk =
∑
R
e−ik·RJ(R)
= 2J cos(kxb) + 4J
′ cos(kxb/2) cos(kyc/2), (2.31)
Dk =
∑
R
e−ik·RD(R)
= −4iD sin(kxb/2) cos(kyc/2). (2.32)
We also define the combination
JDk = Jk − iDk, (2.33)
which is real because the Fourier transform of the DM
coupling Dk is purely imaginary. The Fourier transforms
of the effective couplings (2.30a–2.30c) can then be writ-
ten as
J
‖
k = s
2
θJk + c
2
θ
JDQ+k + J
D
Q−k
2
, (2.34a)
J+−k = J
−+
−k = c
2
θJk + (1 + s
2
θ)
JDQ+k + J
D
Q−k
2
+ sθ
[
JDQ+k − JDQ−k
]
, (2.34b)
J++k = J
−−
k = −c2θ
[
Jk −
JDQ+k + J
D
Q−k
2
]
. (2.34c)
2. Classical ground state: Cone state
To fix the parameters θ and Q which characterize the
classical ground state, we substitute Eq. (2.30a) into our
expression (2.23) for the classical ground-state energy
and minimize with respect to θ and Q. The classical
ground-state energy can then be written as
H0 = N
S2
2
J
‖
k=0 −NShsθ
= N
S2
2
[
s2θJk=0 + c
2
θJ
D
Q
]−NShsθ. (2.35)
Minimizing this with respect to θ we obtain
sθ ≡ sin θ = h/hc, (2.36)
where the critical magnetic field is given by
hc = S(J
D
0 − JDQ ) = S(J0 − JQ + iDQ). (2.37)
The wavevector of the spiral is obtained by minimiz-
ing H0 in Eq. (2.35) with respect to Q, which amounts
to finding the minimum of the real function JDQ . The
wavevector of the spiral is thus determined:
∇QJDQ ≡ ∇k (Jk − iDk)k=Q = 0. (2.38)
Anticipating that this condition leads to a spiral along
the x-axis, Q = Qxex, and using the above expressions
for Jk and Dk, it is easy to show that Eq. (2.38) reduces
to the following transcendental equation for x = Qxb:
cos
(x
2
)
= − J
′
2J
− D
2J
cot
(x
2
)
. (2.39)
Note that for D = 0 and isotropic exchange couplings
(J ′ = J) this condition reduces to cos(x/2) = −1/2, im-
plying x = Qxb = 4pi/3, which describes the usual 120
◦
ground state of an isotropic triangular lattice antiferro-
magnet.
63. Magnon dispersion
To calculate the magnon spectrum to leading order in
the 1/S expansion, we may approximate S+i ≈
√
2Sbi
and S−i ≈
√
2Sb†i , so that the transverse part of our
spin-wave Hamiltonian is approximated by H⊥ ≈ H2⊥
with
H2⊥ =
S
4
∑
ij
[
J+−ij b
†
i bj + J
−+
ij bib
†
j
+ J++ij b
†
i b
†
j + J
−−
ij bibj
]
. (2.40)
The magnon spectrum can then be obtained by diagonal-
izing the quadratic boson Hamiltonian H2 = H2‖+H2⊥.
Combining Eqs. (2.24) and (2.40) we obtain
H2 =
S
2
∑
ij
{
−J‖ij(ni + nj) +
1
2
[
J+−ij b
†
i bj + J
−+
ij bib
†
j
+ J++ij b
†
i b
†
j + J
−−
ij bibj
]}
+ hsθ
∑
i
ni. (2.41)
Introducing the Fourier transform of the boson operators
via
bi =
1√
N
∑
k
eik·Ribk, (2.42)
we obtain in momentum space,
H2 =
∑
k
{
Akb
†
kbk +
Bk
2
[
b†kb
†
−k + b−kbk
]}
, (2.43)
where Ak = A
+
k +A
−
k , with
A+k = −Bk − S
[
JDQ −
JDQ+k + J
D
Q−k
2
]
, (2.44a)
A−k = Ssθ
JDQ+k − JDQ−k
2
, (2.44b)
Bk = −S
2
c2θ
[
Jk −
JDQ+k + J
D
Q−k
2
]
. (2.44c)
These coefficients are real and have the symmetries
A±−k = ±A±k and Bk = B−k. Note that
B0 = −S
2
c2θ[J0 − JDQ ] = −
c2θ
2
hc, (2.45a)
A0 =
c2θ
2
hc, (2.45b)
which implies that the magnon dispersion is gapless at
k = 0, as required by the U(1)-symmetry of the Hamil-
tonian. Note also that for small k the linear coefficient
in the Taylor expansion of the antisymmetric coefficient
A−k vanishes due to Eqs. (2.33) and (2.38), so that
A−k = O(k3). (2.46)
FIG. 3. (Color online) Graph of the magnon dispersion Ek of
the anisotropic triangular lattice antiferromagnet Cs2CuCl4
with J ′/J = 0.34, Dzyaloshinskii–Moriya anisotropy D/J =
0.054, and for a magnetic field h = 0.1hc; see Eq. (2.50). Note
that the U(1)-symmetry of the Hamiltonian guarantees that
for k = 0 the magnon dispersion is gapless.9
To obtain the magnon dispersion, we diagonalize the
Hamiltonian (2.43) using the following canonical (Bogoli-
ubov) transformation,(
bk
b†−k
)
=
(
uk −vk
−vk uk
)(
βk
β†−k
)
, (2.47)
where
uk =
√
A+k + k
2k
, vk =
Bk
|Bk|
√
A+k − k
2k
, (2.48)
and
k =
√
(A+k )
2 −B2k. (2.49)
The energy k = −k is even under k → −k; the full
magnon dispersion is
Ek = k +A
−
k =
√
(A+k )
2 −B2k +A−k , (2.50)
which does not have any definite symmetry with respect
to k→ −k. The diagonalized form of the magnon Hamil-
tonian reads
H2 =
∑
k
[
Ekβ
†
kβk +
k −A+k
2
]
. (2.51)
A graph of the magnon dispersion Ek is shown in Fig. 3.
Using the fact that according to Eq. (2.46) the term A−k
can be neglected for small k, the leading long-wavelength
limit of the magnon dispersion is
Ek =
√
v2xk
2
x + v
2
yk
2
y +O(k3) = v(kˆ)|k|+O(k3), (2.52)
7FIG. 4. (Color online) Plot of the linear spin-wave result
for the magnon velocities of Cs2CuCl4 in the two principal
directions of the lattice as a function of the magnetic field.
The relevant values of J , J ′, andD are given in Tab. I. It turns
out that for an arbitrary magnetic field the magnon velocities
are small compared with the velocities cλ of acoustic phonons
in Cs2CuCl4.
with direction-dependent magnon velocity
v(kˆ) =
√
v2xkˆ
2
x + v
2
y kˆ
2
y, (2.53)
where kˆ = k/|k|. In Fig. 4 we show a graph of the linear
spin-wave result of the two principal magnon velocities
vx and vy as a function of the external magnetic field for
Cs2CuCl4, where J, J
′, and D have the values given in
Tab. I.
4. Interactions between magnons
The terms in the transverse Hamiltonian H⊥ involving
more than two boson operators and the contributionsH4‖
and H‖⊥ to the magnon Hamiltonian given in Eqs. (2.25)
and (2.27) describe various interaction processes between
magnons. As compared with the S-dependence of the
free magnon dispersion Ek ∝ S, the interaction contains
higher orders of the small parameter 1/S, so that at first
sight it seems that for large S we can simply neglect inter-
action effects. It turns out, however, that for the proper
calculation of the long-wavelength limit of the ultrasonic
attenuation rate the leading contribution H3 to the mix-
ing term H‖⊥ involving three magnon operators cannot
be neglected. This part of the magnon Hamiltonian can
be written as
H3 = −cθ
√
2S
2i
∑
ij
[
Kijb
†
i b
†
jbj −K∗ijb†jbjbi
]
, (2.54)
where we have defined
Kij = sθ [Jij(1− cosϕij) +Dij sinϕij ]
+ i [Jij sinϕij +Dij cosϕij ] . (2.55)
In momentum space H3 can be written as
H3 =
1√
N
∑
k1k2k3
δk1+k2+k3,0
[
1
2!
Γb
†b†b
3 (k1,k2;k3)b
†
−k1b
†
−k2bk3
+
1
2!
Γb
†bb
3 (k1;k2,k3)b
†
−k1bk2bk3
]
, (2.56)
with the vertices given by
Γb
†b†b
3 (k1,k2;k3) = −cθ
√
2S
2i
[K−k1 +K−k2 ] , (2.57a)
Γb
†bb
3 (k1;k2,k3) = cθ
√
2S
2i
[Kk2 +Kk3 ] , (2.57b)
where Kk is the Fourier transform of the function Kij
defined in Eq. (2.55):
Kk = sθ
[
Jk −
JDQ+k + J
D
Q−k
2
]
− J
D
Q+k − JDQ−k
2
. (2.58)
For later reference we note that
K0 = sθ(J0 − JDQ ) = sθ
hc
S
. (2.59)
C. Magnon-phonon interactions
1. Modeling the derivatives of the exchange couplings in
Cs2CuCl4
Substituting the gradient expansions (2.8a) and (2.8b)
for the exchange and DM couplings into the spin-phonon
Hamiltonian Hphospin defined in Eq. (2.2), we obtain an ex-
pansion of Hphospin in powers of the phonon operators of
the form (2.9). Since the exchange interactions are large
compared with the DM interactions, we shall neglect the
dependence of the DM couplings Dij in the phonon co-
ordinates. The n-phonon part of our spin-phonon Hamil-
tonian can be written as
Hnphospin =
1
2
∑
ij
U
(n)
ij Si · Sj , (2.60)
where the coupling functions involving n = 1 and n = 2
phonons are
U
(1)
ij = (Xij · ∇r) J(r)|r=Rij ≡Xij · J
(1)
ij , (2.61)
U
(2)
ij =
1
2
(Xij · ∇r)2 J(r)|r=Rij ≡
1
2
XTijJ
(2)
ij Xij ,
(2.62)
8with the vector J
(1)
ij and the tensor J
(2)
ij defined by
J
(1)
ij ≡ J (1)(Rij) = ∇r J(r)|r=Rij , (2.63)
[J
(2)
ij ]αβ ≡ [J(2)(Rij)]αβ =
J(r)
∂rα∂rβ
∣∣∣∣
r=Rij
. (2.64)
The Fourier transforms of functions (2.61) and(2.62) are
U
(1)
k,k′ =
1
N
∑
ij
e−ik·Ri−ik
′·RjU (1)ij
= − 1√
N
Xk+k′ · (J (1)k + J (1)k′ ), (2.65)
U
(2)
k,k′ =
1
N
∑
ij
e−ik·Ri−ik
′·RjU (2)ij
=
1
2N
∑
q
X†q(J
(2)
k − J(2)k+q + J(2)k′ − J(2)k′+q)Xq+k+k′ ,
(2.66)
where
J
(1)
k =
∑
R
e−ik·RJ (1)(R), (2.67)
and similarly for J
(2)
k . Note that the Fourier transform
J
(1)
k of the gradient has the symmetries
J
(1)
−k = −J (1)k = (J (1)k )∗, (2.68)
which implies that J
(1)
k is purely imaginary and vanishes
for k = 0. In contrast, the second derivative tensor is an
even function of k,
J
(2)
−k = J
(2)
k , (2.69)
and thus has a finite limit at zero momentum. In general,
in-plane lattice deformations in Cs2CuCl4 induce changes
in both couplings J and J ′ as indicated in Fig. 1. In
principle one should use four independent parameters to
describe the changes of J and J ′ in response to the dis-
placement of the lattice sites in two independent in-plane
directions. To reduce the parameter space, we note that
usually the exchange couplings originate from an elec-
tronic exchange path where orbitals of neighboring atoms
overlap. For Cs2CuCl4 the exchange is mediated by the
chlorine atoms located in between the copper atoms, as
shown in Fig. 1. In a rough approximation where only the
coupling of a few atoms is considered, the exchange cou-
plings do not change to first order in the displacements
when one of the copper atoms moves up or down. There-
fore one can neglect the variation of J with respect to
displacements in the y-direction and assume that J only
changes appreciably if the atoms move in the x-direction.
By a similar argument one can also neglect the depen-
dence of the coupling J ′(r) = J ′(r, ϕ) on the polar angle
ϕ, setting
∂J ′
∂x
= cosϕ0
∂J ′
∂r
,
∂J ′
∂y
= sinϕ0
∂J ′
∂r
, (2.70)
where sinϕ0 = c/(2d). Here d =
√
b2 + c2/2 is the rele-
vant bond length, and ∂J ′/∂r is the derivative of the cou-
pling J ′ with respect to the distance between the spins.
With these approximations we obtain the following ex-
pression for the gradient J
(1)
k of the exchange couplings
in Cs2CuCl4:
J
(1)
k = −2i
∂J
∂x
ex sin(kxb)
− 4i∂J
′
∂r
[
ex cosϕ0 sin (kxb/2) cos (kyc/2)
+ ey sinϕ0 cos(kxb/2) sin(kyc/2)
]
. (2.71)
Similarly, we obtain for the matrix elements of the second
derivative tensor J
(2)
k = J
(2)
k
T
,
[
J
(2)
k
]
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= 2 cos(kxb)
∂2J
∂x2
+ 4 cos2 ϕ0 cos(kxb/2) cos(kyc/2)
∂2J ′
∂r2
, (2.72a)[
J
(2)
k
]
12
= 4 cosϕ0 sinϕ0 sin(kxb/2) sin(kyc/2)
∂2J ′
∂r2
,
(2.72b)[
J
(2)
k
]
22
= 4 sin2 ϕ0 cos(kxb/2) cos(kyc/2)
∂2J ′
∂r2
. (2.72c)
Due to the U(1)-symmetry of the Hamiltonian, the vec-
tor J
(1)
k and the tensor J
(2)
k are only fixed up to a phase
that depends on the choice of triad {e(1)i , e(2)i , mˆi}; see
Ref. [28] for a discussion of this point. Note that the ge-
ometry shown in Fig. 1 suggests that the couplings will
become stronger if the bond length is enlarged; at first
sight this counterintuitive behavior originates from the
fact that the bond angles between the chlorine atoms be-
come larger with increasing bond length, which usually
results in a stronger coupling.30 Later we will see that
only the squares of the derivatives enter in the final re-
sult for the velocity shifts and the ultrasonic attenuation
rates, so that one cannot directly determine the sign of
the change of the coupling strengths from the ultrasound
measurements.
2. Phonon renormalization in the classical spin background
Expanding the spin operators in Eq. (2.60) in powers
of Holstein–Primakoff bosons, we obtain a double expan-
sion of the spin-phonon Hamiltonian in powers of phonon
operators and magnon operators. For our purpose, it is
sufficient to retain only terms up to two phonon opera-
tors. After expressing the spin operators in Eq. (2.60) in
terms of Holstein–Primakoff bosons, to leading order for
large S, we generate also pure phonon contributions of
the form
Hnpho0 =
S2
2
∑
ij
U
(n)
ij mˆi · mˆj , (2.73)
9which describe motion of n phonons in the classical spin
background. In particular, the one-phonon term H1pho0
can be written as
H1pho0 =
S2
2
[
s2θU
(1)
0,0 +
c2θ
2
(
U
(1)
−Q,Q + U
(1)
Q,−Q
)]
. (2.74)
But from Eqs. (2.65) and (2.68) we see that U
(1)
0,0 =
U
(1)
−Q,Q = 0, implying H
1pho
0 = 0. On the other hand,
the corresponding two-phonon part
H2pho0 =
S2
2
[
s2θU
(2)
0,0 +
c2θ
2
(
U
(2)
−Q,Q + U
(2)
Q,−Q
)]
(2.75)
is finite and yields an important contribution to the mag-
netic field dependence of the elastic constants. Inserting
the explicit expression for the Fourier transform U
(2)
k,k′ of
the second derivative couplings U
(2)
ij [see Eqs. (2.62) and
(2.66)] and using the symmetry Eq. (2.69) we see that
Eq. (2.75) can be written as
H2pho0 =
M
2
∑
kλ
Σpho0 (k, λ)X−kλXkλ , (2.76)
where the zeroth order contribution to the phonon self-
energy (in an expansion in powers of the magnon opera-
tors) is given by
Σpho0 (k, λ) =
S2
M
e†kλ
[
s2θ
(
J
(2)
0 − J(2)k
)
+ c2θJ
(2+)
Q,k
]
ekλ .
(2.77)
Here we have defined
J
(2+)
k,Q = J
(2)
k −
J
(2)
k+Q + J
(2)
k−Q
2
. (2.78a)
For later convenience we also introduce the notation
J
(2−)
k,Q =
J
(2)
k+Q − J(2)k−Q
2
. (2.78b)
Keeping in mind that J
(2)
k is an even function of k, we
see that J
(2+)
k,Q is even while J
(2−)
k,Q is odd under k→ −k,
J
(2±)
k,Q = ±J(2±)−k,Q . (2.79)
3. One-phonon one-magnon hybridization
The part H1pho1mag of our spin-phonon Hamiltonian in-
volving one phonon and one magnon operator is given
by
H1pho1mag =
(2S)3/2
4
∑
ij
U
(1)
ij
[
b†i (e
+
i · mˆj) + bi(e−i · mˆj)
]
.
(2.80)
Using
e±i · mˆj = cθ sinϕij ∓ icθsθ [1− cosϕij ] , (2.81)
and Fourier transforming to momentum space, we obtain
H1pho1mag =
∑
k
ΓXbk ·
(
X−kbk +Xkb
†
k
)
, (2.82)
with the hybridization vertex given by
ΓXbk =
i
4
(2S)3/2cθ
[
J
(1+)
k,Q + sθJ
(1−)
k,Q
]
. (2.83)
Here we have defined
J
(1+)
k,Q = J
(1)
Q −
J
(1)
k+Q − J (1)k−Q
2
, (2.84a)
J
(1−)
k,Q = J
(1)
k −
J
(1)
k+Q + J
(1)
k−Q
2
. (2.84b)
For fixed Q the functions J
(1±)
k,Q have the symmetries
J
(1±)
−k,Q = ±J (1±)k,Q . (2.85)
The contribution (2.82) to the Hamiltonian describes the
hybridization between magnon and phonon modes. Note
that for finite Q the relevant coupling ΓXbk vanishes lin-
early in k for k→ 0. As it will be discussed in Sec. III A,
the hybridization term H1pho1mag gives rise to an additional
renormalization of the phonon velocities which has the
same order of magnitude as the renormalization due to
the contribution Σpho0 (k, λ) arising from the classical spin
background given in Eq. (2.77).
Note that the vertex ΓXbk does not have a definite sym-
metry under k → −k. To obtain a more transparent
classification of the vertices, it is useful to express the
Holstein–Primakoff bosons bk in terms of Hermitian op-
erators Φk = Φ
†
−k and Πk = Π
†
−k as follows:
31,32
bk =
√
∆k
2
Φk +
i√
2∆k
Πk, (2.86)
b†k =
√
∆k
2
Φ−k − i√
2∆k
Π−k, (2.87)
where the energy ∆k is given by
∆k = A
+
k −Bk = A+k + |Bk|. (2.88)
Then our quadratic magnon Hamiltonian (2.43) can be
written as
H2 =
1
2
∑
k
{
Π−kΠk + 2kΦ−kΦk
+ iA−k (Φ−kΠk − ΦkΠ−k)−A+k
}
, (2.89)
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while the magnon-phonon hybridization (2.82) reads
H1pho1mag =
1
2
∑
k
{
ΓXΦk · (X−kΦk +XkΦ−k)
+ ΓXΠk · (X−kΠk −XkΠ−k)
}
, (2.90)
where the vertex ΓXΦk describing the coupling of the
phonon coordinates to the generalized magnon coordi-
nates Φk is an even function of k, while the correspond-
ing vertex ΓXΠk which couples the phonon coordinates to
the magnon momenta is odd in k:
ΓXΦk =
√
∆k
2
[
ΓXbk + Γ
Xb
−k
]
= ΓXΦ−k , (2.91a)
ΓXΠk =
i√
2∆k
[
ΓXbk − ΓXb−k
]
= −ΓXΠ−k . (2.91b)
In principle, the complete quadratic part H2 +
Hpho + H2pho0 + H
1pho
1mag of the magnon-phonon Hamil-
tonian can be diagonalized by means of a canonical
transformation.33 But due to the absence of inversion
symmetry of the magnon dispersion Ek the explicit con-
struction of this transformation seems to be a rather com-
plicated mathematical problem which we have not at-
tempted to solve. Fortunately, the renormalized phonon
spectrum can be obtained in a straightforward manner
at this level of approximation by integrating in the path
integral formulation of the theory over the magnon field.
As will be shown in Sec. III A, the phonon spectrum can
then be directly obtained from the inverse phonon propa-
gator appearing in the resulting Gaussian effective action
for the phonon field.
4. One-phonon two-magnon interaction
The part of the spin-phonon Hamiltonian involving one
phonon and two magnon operators is
H1pho2mag =
S
2
∑
ij
U
(1)
ij
{
−mˆi · mˆj(ni + nj)
+
1
2
[
(e+i · e−j )b†i bj + (e−i · e+j )bib†j
+ (e+i · e+j )b†i b†j + (e−i · e−j )bibj
]}
. (2.92)
Using Eqs. (2.16–2.18) to calculate the relevant scalar
products of the basis vectors, we obtain after Fourier
transformation to momentum space,
H1pho2mag =
1√
N
∑
kk′
[
Γb
†b
k,k′ ·Xk−k′b†kbk′
+
1
2!
(
Γb
†b†
k,k′ ·Xk+k′b†kb†k′ + Γbbk,k′ ·X−k−k′bkbk′
)]
,
(2.93)
where the coupling functions are
Γb
†b
k,k′ =
S
2
{
(2s2θ − c2θ)(J (1−)k,Q − J (1−)k′,Q )
+ 2
[
J
(1)
k−k′ − (J (1)k − J (1)k′ )
]
− 2c2θ
[
J
(1−)
k−k′,Q − (J (1−)k,Q − J (1−)k′,Q )
]
+ 2sθ(J
(1+)
k,Q − J (1+)k′,Q)
}
, (2.94)
Γb
†b†
k,k′ = −Γbbk,k′ =
S
2
c2θ
[
J
(1−)
k,Q + J
(1−)
k′,Q
]
. (2.95)
Since the Fourier transform J
(1)
k of the derivative of the
exchange coupling is purely imaginary, this is also true for
the above vertex functions Γb
†b
k,k′ , Γ
b†b†
k,k′ and Γ
bb
k,k′ . Note
also that the normal vertex Γb
†b
k,k′ is antisymmetric while
the anomalous vertices Γb
†b†
k,k′ and Γ
bb
k,k′ are symmetric
under k ↔ k′. Keeping in mind that these vertices are
purely imaginary, one easily verifies the following rela-
tions,
Γb
†b
k,k′ = −Γb
†b
k′,k = (Γ
b†b
k′,k)
∗, (2.96a)
Γb
†b†
k,k′ = Γ
b†b†
k′,k = −Γbbk′,k = (Γbbk′,k)∗, (2.96b)
Γbbk,k′ = Γ
bb
k′,k = −Γb
†b†
k′,k = (Γ
b†b†
k′,k)
∗. (2.96c)
Of particular interest is the leading behavior of the above
magnon-phonon vertices for small k and k′,
Γb
†b
k,k′ =
S
2
{
(2s2θ − c2θ)
[
(k − k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
− sθ
[
(k · ∇Q)2 − (k′ · ∇Q)2
]
J
(1)
Q
}
+O(k3),
(2.97)
Γb
†b†
k,k′ =
S
2
c2θ
[
(k + k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
+O(k3).
(2.98)
It turns out that H1pho2mag in Eq. (2.93) is not the only
part of the Hamiltonian describing the coupling of a sin-
gle phonon to two magnon operators. The reason is
that due to the magnon-phonon hybridization discussed
in Sec. II C 3 the Holstein–Primakoff bosons are a linear
combination of true magnon operators and phonon oper-
ators. In principle, the proper linear combination can be
obtained by diagonalizing the quadratic magnon-phonon
Hamiltonian H2 +H
pho +H2pho0 +H
1pho
1mag by means of a
canonical transformation. Although the construction of
such a transformation is in principle possible,33 for our
purposes it is fortunately not necessary to explicitly solve
this complicated algebraic problem. The reason is that at
long wavelengths and to the order in the small parameter
1/S consistent with Eq. (2.92), the proper magnon oper-
ators b˜k can be determined from the requirement that in
the quadratic part of the magnon-phonon Hamiltonian
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H2 + H
pho + H2pho0 + H
1pho
1mag there should be no terms
describing the coupling of the phonon coordinates Xk to
the generalized magnon momenta Πk, as in the second
line of Eq. (2.90). It is then easy to show that the proper
magnon operators b˜k are related to the original Holstein–
Primakoff magnons bk via the phonon-dependent shift
transformation
bk = b˜k + λk ·Xk, (2.99)
where
λk =
i√
2∆k
ΓXΠk (2.100)
depends on the antisymmetric vertex ΓXΠk defined in
Eq. (2.91b). If we now substitute the transformation
(2.99) into the part H3 of the pure magnon Hamiltonian
involving three powers of the Holstein–Primakoff bosons
given in Eq. (2.56), we generate (among other terms) an
additional contribution to the one-phonon two-magnon
interaction, which involves the same power of S as H1pho2mag
in Eq. (2.92) and therefore should be taken into account
on equal footing with H1pho2mag. Fortunately, this contri-
bution can be absorbed via a simple redefinition of the
vertices in Eq. (2.93),
Γ˜b
†b
k,k′ = Γ
b†b
k,k′ + δΓ
b†b
k,k′ , (2.101a)
Γ˜b
†b†
k,k′ = Γ
b†b†
k,k′ + δΓ
b†b†
k,k′ , (2.101b)
Γ˜bbk,k′ = Γ
bb
k,k′ + δΓ
bb
k,k′ , (2.101c)
where the correction terms due to magnon-phonon hy-
bridization are
δΓb
†b
k,k′ = Γ
b†b†b
3 (k − k′,−k;k′)λk′−k
+ Γb
†bb
3 (−k;k′,k − k′)λk−k′ , (2.102a)
δΓb
†b†
k,k′ = Γ
b†b†b
3 (−k,−k′;k + k′)λk+k′ , (2.102b)
δΓbbk,k′ = Γ
b†bb
3 (−k − k′;k,k′)λk+k′ . (2.102c)
The effective one-phonon two-magnon Hamiltonian
H˜1pho2mag can then be obtained from H
1pho
2mag in Eq. (2.93)
by substituting the bare vertices by the shifted ones,
Γb
†b
k,k′ → Γ˜b
†b
k,k′ , Γ
b†b†
k,k′ → Γ˜b
†b†
k,k′ , and Γ
bb
k,k′ → Γ˜bbk,k′ . Using
the fact that according to Eqs. (2.57a–2.59) at long wave-
lengths the three-magnon vertices can be approximated
by
Γb
†b†b
3 (k1,k2;k3) = −Γb
†bb
3 (−k3,−k2;−k1)
= −cθsθ
√
2S
i
hc
S
+O(k2), (2.103)
we obtain for the shifts of the one-phonon two-magnon
vertices due to magnon-phonon hybridization at long
wavelengths,
δΓb
†b
k,k′ = −2Ss2θ
[
(k − k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
+O(k3), (2.104)
δΓb
†b†
k,k′ = Ss
2
θ
[
(k + k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
+O(k3). (2.105)
Combining these expressions with the long-wavelength
limits of the corresponding bare vertices given in
Eqs. (2.97, 2.98), we find that the proper one-phonon
two-magnon vertices are in the long-wavelength limit
given by
Γ˜b
†b
k,k′ =
− S
2
{
(2s2θ + c
2
θ)
[
(k − k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
+ sθ
[
(k · ∇Q)2 − (k′ · ∇Q)2
]
J
(1)
Q
}
+O(k3), (2.106)
Γ˜b
†b†
k,k′ =
S
2
(2s2θ + c
2
θ)
[
(k + k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
+O(k3). (2.107)
Note that the coefficients of the terms linear in the mo-
menta differ only by a minus sign, which will turn out to
be essential to obtain the correct long-wavelength limit
of the ultrasonic attenuation rate.
At this point it is convenient to express the effective
one-phonon two-magnon Hamiltonian H˜1pho2mag in terms of
the Bogoliubov quasiparticle operators βk and β
†
k defined
in Eq. (2.47). We obtain
H˜1pho2mag =
1√
N
∑
kk′
[
Γ˜β
†β
k,k′ ·Xk−k′β†kβk′
+
1
2!
(
Γ˜β
†β†
k,k′ ·Xk+k′β†kβ†k′ + Γ˜ββk,k′ ·X−k−k′βkβk′
)]
,
(2.108)
where the vertices are given by
Γ˜β
†β
k,k′ = ukuk′Γ˜
b†b
k,k′ − vkvk′Γ˜b
†b
−k,−k′
− ukvk′Γ˜b†b†k,−k′ − vkuk′Γ˜bb−k,k′ , (2.109a)
Γ˜β
†β†
k,k′ = ukuk′Γ˜
b†b†
k,k′ + vkvk′Γ˜
bb
−k,−k′
− ukvk′Γ˜b†bk,−k′ + vkuk′Γ˜b
†b
−k,k′ , (2.109b)
Γ˜ββk,k′ = ukuk′Γ˜
bb
k,k′ + vkvk′Γ˜
b†b†
−k,−k′
+ ukvk′Γ˜
b†b
k,−k′ − vkuk′Γ˜b
†b
−k,k′ . (2.109c)
As will be shown in Sec. III B, at zero temperature the
ultrasonic attenuation rate is determined by the anoma-
lous vertex Γ˜β
†β†
k,k′ , whose long-wavelength limit is explic-
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itly given by
Γ˜β
†β†
k,k′ =
S
2
{
(
2s2θ
c2θ
+ 1
)√
kk′
h2c
[
(k + k′) · ∇Q
][
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
+
sθ
2
k − k′√
kk′
[
(k · ∇Q)2 − (k′ · ∇Q)2
]
J
(1)
Q
}
+O(k3).
(2.110)
III. PHONON SELF-ENERGY DUE TO
MAGNON-PHONON INTERACTIONS
A. Elastic constants
The elastic constants are directly related to the veloc-
ities of the acoustic phonons which can be determined
experimentally with high accuracy.20 Although the spin-
phonon coupling is expected to be small, its influence
on the phonon properties is visible in the magnetic-
field dependence of the elastic constants. The leading
contributions to the shift in the elastic constants is al-
ready contained in the quadratic magnon-phonon Hamil-
tonian H2 + H
pho + H2pho0 + H
1pho
1mag. The phonon self-
energy Σpho0 (k, λ) given in Eq. (2.77) which is due to
the coupling of the phonons to the classical spin back-
ground renormalizes the phonon frequencies according to
ω2kλ → ω2kλ+Σpho0 (k, λ). The self-energy correction leads
to the following relative shift of the phonon velocities,
(∆cλ)0
cλ
=
√
1− lim
|k|→0
Σpho0 (k, λ)
ω2kλ
− 1 . (3.1)
An additional renormalization of the phonon veloci-
ties arises from the magnon-phonon hybridization in
Eq. (2.82). To calculate this contribution, we note that
the phonons couple to the magnons only via the com-
bination Xk =
∑
λXkλekλ so that it is convenient to
describe the phonon dynamics within an effective La-
grangian which is obtained by integrating over the canon-
ical phonon momenta Pkλ in the phase space functional
integral representation of the theory.32 To leading order
for large S we may truncate the effective Euclidean action
at the quadratic order in the fluctuations,
S[X, β¯, β] ≈ S2pho[X] + S2mag[β¯, β] + S1pho1mag[X, β¯, β],
(3.2)
where the Gaussian actions S2pho[X] and S2mag[β¯, β] de-
scribe noninteracting phonons and magnons,
S2pho[X] =
1
2T
∑
Kλ
M [ω2 + ω2kλ + Σ
pho
0 (k, λ)]
×X−KλXKλ , (3.3)
S2mag[β¯, β] = − 1
T
∑
K
(iω − Ek)β¯KβK . (3.4)
Here T is the temperature and K = (iω,k) is a collective
label containing bosonic Matsubara frequencies iω and
wavevectors k. The real field XKλ represents the Fourier
components of the phonon operator Xkλ, while the com-
plex boson field βK represents the Fourier components of
the magnon operator βk. From Eqs. (2.47, 2.82) we see
that the magnon-phonon hybridization is represented by
the Euclidean action
S1pho1mag[X, β¯, β] =
1
T
∑
K
ΓXβk ·
(
X−KβK +XK β¯K
)
,
(3.5)
where the hybridization vertex is the following linear
combination of the corresponding hybridization vertex
ΓXbk in the Holstein–Primakoff basis given in Eq. (2.83),
ΓXβk = ukΓ
Xb
k − vkΓXb−k. (3.6)
The Gaussian integral over the magnon field is now easily
carried out, and we obtain for the effective phonon action
in Gaussian approximation,
S2phoeff [X] =
1
2T
∑
Kλλ′
[
δλ,λ′M [ω
2 + ω2kλ + Σ
pho
0 (k, λ)]
+
(
ΓXβk · ekλ
)∗(
ΓXβk · ekλ′
)
iω − Ek
]
X−KλXKλ′ . (3.7)
For simplicity, we neglect in the sum over the phonon
modes the optical phonons and off-diagonal terms λ 6= λ′.
In this approximation the magnon-phonon hybridization
generates the following phonon self-energy:
Σpho1 (K,λ) =
∣∣ΓXβk · ekλ∣∣2
M(iω − Ek) . (3.8)
Combining this with the classical self-energy Σpho0 (k, λ)
given in Eq. (2.77), we conclude that the renormalized
phonon dispersion ω˜kλ is determined by the real positive
root of the cubic equation
ω˜2kλ = ω
2
kλ + Σ
pho
0 (k, λ) + Σ
pho
1 (iω → ω˜kλ,k, λ)
= ω2kλ + Σ
pho
0 (k, λ) +
∣∣ΓXβk · ekλ∣∣2
M(ω˜kλ − Ek) . (3.9)
Recall that according to Eq. (2.77) the classical self-
energy Σpho0 (k, λ) is proportional to S
2. Keeping in mind
that according to Eq. (2.83) the hybridization vertex ΓXβk
is of order S3/2 and the denominator in Eq. (3.8) contains
one power of Ek ∝ S, we see that both self-energy con-
tributions on the right-hand side of Eq. (3.9) have the
same order of magnitude in a formal 1/S-expansion.
Because in the experimentally relevant regime the
magnon velocity is small compared with the phonon ve-
locity, the shift in the phonon velocities due to magnon-
phonon hybridization can be approximated by
(∆cλ)1
cλ
= lim
|k|→0
∣∣ΓXβk · ekλ∣∣2
2Mω3kλ
. (3.10)
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Note that this contribution is always positive, i.e. the
coupling to the magnons enhances the phonon veloci-
ties, which is a simple consequence of the fact that for
Cs2CuCl4 the magnon velocities are small compared with
the phonon velocities. To explicitly take the limit in
Eq. (3.10) we need the small-momentum limit of the ver-
tex ΓXβk . Using Eqs. (2.83) and (3.6) we obtain to leading
order
ΓXβk =
i
4
(2S)3/2|k|3/2
√
v(kˆ)
hc
FXβ(kˆ), (3.11)
where the dimensionless vector FXβ(kˆ) is given by
FXβ(kˆ) = sθf
Xβ
1 (kˆ)− c2θfXβ2 (kˆ, kˆ) , (3.12)
and we introduced the auxiliary vector functions
fXβ1 (kˆ) =
1
hc
(kˆ · ∇Q)
[
J
(1)
Q
∣∣∣
Q=0
− J (1)Q
]
, (3.13a)
fXβ2 (kˆ, kˆ
′) =
1
2v(kˆ)
(kˆ · ∇Q)(kˆ′ · ∇Q)J (1)Q . (3.13b)
Here we have approximated the magnon dispersion by
its leading long-wavelength limit, Ek ≈ k ≈ v(kˆ)|k|;
see Eqs. (2.52) and (2.53). Substituting Eq. (3.12) into
Eq. (3.10) we finally obtain
(∆cλ)1
cλ
=
S3
4
(
v(kˆ)
cλ
)(
hc
Mc2λ
) ∣∣FXβ(kˆ) · ekλ∣∣2
=
S3
4
(
v(kˆ)
cλ
)(
hc
Mc2λ
)
× ∣∣sθfXβ1 (kˆ) · ekλ − c2θfXβ2 (kˆ, kˆ) · ekλ∣∣2.
(3.14)
Formally, this is the leading-order contribution in the
small parameters v(kˆ)/cλ and hc/(Mc
2
λ). Note that the
magnetic-field dependence of the vertex (3.12) is hidden
in the canting angle θ, which we approximate by its clas-
sical value (2.36). Adding the classical and the hybridiza-
tion contributions, we finally obtain for the total velocity
shift,
∆cλ
cλ
=
(∆cλ)0 + (∆cλ)1
cλ
. (3.15)
Depending on the polarization vector ekλ of the phonon
and on the structure of the first-derivative vector J
(1)
k
and the second derivative tensor J
(2)
k , either the first
or the second contribution on the right-hand side of
Eq. (3.15) can dominate. In Sec. IV we shall explic-
itly evaluate Eq. (3.15) for the specific parameters of
Cs2CuCl4 and compare our results with experiments.
B. Ultrasonic attenuation
To obtain the magnetic-field dependence of the ultra-
sonic attenuation rate, we should calculate the damping
(a)
(b)
FIG. 5. These Feynman diagrams represent contributions to
the phonon self-energy which determine the ultrasonic attenu-
ation rate to leading order in the large-S expansion. (a) One-
phonon two-magnon processes. (b) Two-phonon one-magnon
processes. Wavy lines represent the phonon Green’s functions
Gpho(Kλ), solid arrows represent the magnon propagators
Gmag(K), black triangles represent the shifted one-phonon
two-magnon vertices defined in Eqs. (2.109a–2.109c), while
black circles represent the two-phonon one-magnon vertices
defined in Eqs. (A.6, A.7). Both processes lead to an at-
tenuation rate proportional to k4 at long wavelengths. The
processes (a) exhibit a stronger dependence on the external
magnetic field and dominate if the magnon velocities are small
compared with the phonon velocities.
of the phonons due to the coupling to the magnon sys-
tem. In principle, the attenuation rate can be obtained
using Fermi’s golden rule. Due to the rather complicated
matrix elements of the relevant interaction vertices, we
find it more convenient to use a many-body approach
where the damping rate is obtained from the imaginary
part of the phonon self-energy. The lowest-order inter-
action processes leading to phonon damping are shown
diagrammatically in Fig. 5. It turns out that only the
processes in Fig. 5(a) involving two magnons in the in-
termediate lead to a strong magnetic-field dependence of
the ultrasonic attenuation rate, so that we shall focus
here on these processes. In the appendix we shall show
that for Cs2CuCl4 where the magnon velocities are small
compared with the phonon velocities the other processes
in Fig. 5(b) involving one magnon and one phonon in
the intermediate state can indeed be neglected. To ob-
tain the contribution of the processes shown in Fig. 5(a)
to the ultrasonic attenuation rate, it is sufficient to re-
tain only the effective one-phonon two-magnon interac-
tion process in our coupled magnon-phonon action. We
thus approximate
S[X, β¯, β] = S2pho[X] + S2mag[β¯, β] + S˜
1pho
2mag[X, β¯, β],
(3.16)
where the Gaussian parts S2pho[X] and S2mag[β¯, β] are
given in Eqs. (3.3, 3.4), while the effective magnon-
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phonon interaction is
S˜1pho2mag[X, β¯, β] =
1√
NT
∑
K,K′
[
Γ˜β
†β
k,k′ ·XK−K′ β¯KβK′
+
1
2!
(
Γ˜β
†β†
k,k′ ·XK+K′ β¯K β¯K′ + Γ˜ββk,k′ ·X−K−K′βKβK′
)]
,
(3.17)
which corresponds to the effective one-phonon two-
magnon Hamiltonian H˜1pho2mag defined in Eq. (2.108). Note
that the vertices in this expression take the magnon-
phonon hybridization into account. The phonon self-
energy Σpho(Kλ) and the magnon self-energy Σmag(K)
are defined in terms of the corresponding Green’s func-
tions:
Gpho(Kλ) =
M
T
〈X−KλXKλ〉 = 1
ω2 + ω2kλ + Σ
pho(Kλ)
,
(3.18)
Gmag(K) = − 1
T
〈β¯KβK〉 = 1
iω − Ek − Σmag(K) .
(3.19)
The diagrams shown in Fig. 5 (a) give rise to the following
contribution to the phonon self-energy,
Σpho2 (Kλ) = −
T
N
∑
K′
[
|Γ˜β†βk′,k′−k · ekλ|2
2M
Gmag(K
′)Gmag(K ′ −K)
+
|Γ˜β†β†k′,k−k′ · ekλ|2
2M
Gmag(K
′)Gmag(K −K ′)
]
+ (K → −K). (3.20)
Neglecting self-energy corrections to the magnon prop-
agators, the frequency summation can be easily carried
out,
Σpho2 (Kλ) =
− 1
N
∑
k′
[ |Γ˜β†βk′,k′−k · ekλ|2
2M
n(Ek′)− n(Ek′−k)
iω − Ek′ + Ek′−k
+
|Γ˜β†β†k′,k−k′ · ekλ|2
2M
n(Ek′) + n(Ek−k′) + 1
−iω + Ek′ + Ek−k′
]
+ (K → −K), (3.21)
where n(E) = 1/(eE/T − 1) is the Bose function. To
calculate the phonon damping, we analytically continue
this expression to the real frequency axis, iω → ω + i0,
and take the imaginary part. We obtain
ImΣpho2 (ω + i0,k, λ) = −[1− e−ω/T ]
pi
N
∑
k′
[ |Γ˜β†βk′,k′−k · ekλ|2
2M
δ(ω − Ek′ + Ek′−k)[1 + n(Ek′)]n(Ek′−k)
+
|Γ˜β†β†k′,k−k′ · ekλ|2
2M
δ(ω − Ek′ − Ek−k′)[1 + n(Ek′)][1 + n(Ek−k′)]
]
− (ω → −ω,k→ −k). (3.22)
The attenuation rate γkλ of a phonon with energy ωkλ
can then be obtained from the imaginary part of the self-
energy on resonance:
γkλ = − ImΣ
pho
2 (ωkλ + i0,k, λ)
2ωkλ
. (3.23)
At zero temperature we obtain from Eq. (3.22),
γkλ =
pi
2ωkλ
1
N
∑
k′
|Γ˜β†β†k′,k−k′ · ekλ|2
2M
× δ(ωkλ − Ek′ − Ek−k′). (3.24)
The leading behavior of γkλ for small k can be obtained
analytically. In this limit it is sufficient to use the linear
approximation (2.52) for the magnon dispersion. More-
over, the interaction vertex Γ˜β
†β†
k,k′ can be approximated
by the leading long-wavelength limit given in Eq. (2.110).
The resulting integration can then be carried out analyt-
ically and we obtain
γkλ =
pi2
64
(
k2
2M
)(
S2c2λk
2
VBZvxvy
)
Iλ(kˆ)√
1− r2kλ
, (3.25)
where rkλ = v(kˆ)/cλ, and the dimensionless function
Iλ(kˆ) is given by
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Iλ(kˆ) =
(
2s2θ
c2θ
+ 1
)2(
1− r2kλ +
3
8
r4kλ
)[
fXβ1 (kˆ) · ekλ
]2
+ 4sθ
v(kˆ)
cλ
(
2s2θ
c2θ
+ 1
)(
1− 3
4
r2kλ
)[
fXβ1 (kˆ) · ekλ
] [
fXβ2 (kˆ, kˆ) · ekλ
]
+ 2
(
sθ
v(kˆ)
cλ
)2{
3
[
fXβ2 (kˆ, kˆ) · ekλ
]2
+ (1− r2kλ)
[
fXβ2 (kˆ, kˆ⊥) · ekλ
]2}
. (3.26)
The vector kˆ⊥ in the last line is given by kˆ⊥ =
−(vy/vx)kˆyex + (vx/vy)kˆxey. We conclude that in the
regime of small wavevectors considered here, the ultra-
sonic attenuation rate is proportional to k4, which shows
that in the presence of magnon-phonon interactions the
phonons remain well-defined quasiparticles. Let us point
out that in order to obtain the correct k4-dependence
of the ultrasonic attenuation rate, it is crucial to take
the renormalization of the one-phonon two-magnon ver-
tices due to magnon-phonon hybridization into account;
see Eqs. (2.101a–2.102c). Otherwise one would incor-
rectly find from Eq. (3.20) that γkλ reduces to a nonzero
constant for k → 0, implying that, due to the coupling
to the magnon system, the phonons would cease to be
well-defined quasiparticles. In the appendix, we show
that the interaction processes represented by Fig. 5(b),
which involve intermediate states with one magnon and
one phonon, also lead to the contribution of the order of
k4 to the ultrasonic attenuation rate. Fortunately, this
contribution is negligible in the experimentally relevant
regime where the magnon velocities are small compared
with the phonon velocities.
IV. COMPARISON WITH EXPERIMENTS
We have measured the longitudinal c22- and c33-
modes propagating in the plane of the two-dimensional
layered antiferromagnet Cs2CuCl4 down to tempera-
tures of about 50 mK. Experiments as a function of
magnetic field were performed in the cone state for
fields B parallel to the crystallographic a-axis. For
the experiments presented here, we used a setup which
allows us to perform simultaneously measurements of
changes in the ultrasonic velocity ∆c/c0 and the relative
attenuation ∆α as a function of an external parameter
like temperature or magnetic field. We employ a
pulse-echo method using a phase-sensitive detection
technique.34 Our measurements can be performed in
the frequency range of 5–500 MHz. The duration of
the ultrasonic echo pulse is between 0.1 and 1 µs, while
the repetition rate is chosen such that it matches the
available cooling power in the cryostat. It lies between
100 Hz in the sub-kelvin temperature range, and a few
kiloherz at higher temperatures. A high-quality single
crystal of the compound Cs2CuCl4 with the size of
3.68× 3.8× 3.65 mm3 was grown from aqueous solutions
by an evaporation technique.35 Two opposite surfaces
normal to the crystallographic b-axis and c-axis were
polished and a pair of piezoelectric thin-film trans-
ducers was glued to these surfaces. These geometries
correspond to the longitudinal c22 and c33 acous-
tic modes, with the wavevector k and polarization ekλ
parallel to the crystallographic b- and c-axis, respectively.
To compare the experimental results with our theoret-
ical predictions, we need realistic estimates for the first
and second derivatives ∂J/∂x, ∂J ′/∂r, ∂2J/∂x2, and
∂2J ′/∂r2 of the exchange couplings for Cs2CuCl4. Recall
that these derivatives appear in the explicit expressions
(2.71) and (2.72a–2.72c) for the vector J
(1)
k and the ten-
sor J
(2)
k , which in turn enter our theoretical results for
the elastic constants and the ultrasonic attenuation rate.
In principle, the spatial dependence of the exchange cou-
plings can be determined using ab initio methods,36,37
but quantitative ab initio results for the derivatives of
the exchange couplings of Cs2CuCl4 are currently not
available. We therefore model the spatial dependence of
our two relevant exchange couplings J(x) and J ′(r) by
the following phenomenological expressions:
J(x) = J(b)e−κ(x−b)/b , (4.1a)
J ′(r) = J ′(d)e−κ
′(r−d)/d , (4.1b)
where b and d =
√
b2 + c2/2 are the bond lengths at the
equilibrium positions, and the dimensionless quantities κ
and κ′ give the inverse range of the exchange interaction
in units of the corresponding inverse equilibrium range.
Since we do not have any a priori knowledge about the
numerical values of κ and κ′, we determine these param-
eters by fitting our theoretical predictions for the elastic
constants to the experimental results.
According to Eqs. (2.77) and (3.1) the classical contri-
bution (∆cλ)0 to the shift in the phonon velocities aris-
ing from the motion of the phonons in the classical spin
16
background is determined by the dimensionless ratio
lim
|k|→0
Σpho0 (k, λ)
ω2kλ
= − S
2
Mc2λ
{
s2θ
[
Jκ2 +
J ′
2
κ′2 cos4 ϕ0
]
+c2θ
[
Jκ2 cos(Qxb) +
J ′
2
κ′2 cos4 ϕ0 cos(Qxb/2)
]}
,
(4.2)
for longitudinal phonons in the x-direction (c22-mode),
and by
lim
|k|→0
Σpho0 (k, λ)
ω2kλ
= − S
2
2Mc2λ
J ′κ′2 sin4 ϕ0
× [s2θ + c2θ cos(Qxb/2)], (4.3)
for longitudinal phonons in the y-direction (c33-mode),
where J = J(b) and J ′ = J ′(d). Moreover, to evalu-
ate the hybridization contribution (∆cλ)1 to the velocity
shift given in Eq. (3.14) and the ultrasonic attenuation
rate given in Eqs. (3.25, 3.26) we need the dimension-
less scalar products fXβ1 (kˆ) · ekλ and fXβ2 (kˆ, kˆ) · ekλ,
where the vector functions fXβ1 (kˆ) and f
Xβ
2 (kˆ, kˆ
′) are
defined in Eqs. (3.13a) and (3.13b). To explain the data
for the low-temperature measurements of the longitudi-
nal c22 and c33 phonon modes, we set kˆ = (kˆx, kˆy) = ekλ.
In this case the relevant scalar products simplify to
fXβ1 (kˆ) · kˆ = −
2i
hc
{
kˆ2x
[
Jκ(1− cos(Qxb))
+ 2J ′κ′ cos2 ϕ0(1− cos(Qxb/2))
]
+ kˆ2y2J
′κ′ sin2 ϕ0(1− cos(Qxb/2))
}
, (4.4)
fXβ2 (kˆ, kˆ) · kˆ =
i
v(kˆ)
{
kˆ3xb
[
Jκ sin(Qxb)
+ J ′κ′ sin(Qxb/2) cos2 ϕ
]
+ 3kˆxkˆ
2
ycJ
′κ′ sinϕ0 cosϕ0 sin(Qxb/2)
}
, (4.5)
fXβ2 (kˆ, kˆ⊥) · kˆ =
ikˆx
v(kˆ)
{
vy
vx
kˆ2yb
[
Jκ sin(Qxb) + J
′κ′ cos2 ϕ0 sin(Qxb/2)
]
+
[vy
vx
kˆ2y −
vx
vy
kˆx(kˆx + kˆy)
]
× cJ ′κ′ sinϕ0 cosϕ0 sin(Qxb/2)
}
, (4.6)
where we have used the fact that the wavevector Q of
the spiral has only an x-component.
Setting kˆ = (1, 0) for the c22-mode and kˆ = (0, 1)
for the c33-mode, we can explicitly evaluate the terms in
Eq. (3.15) and calculate the velocity shifts. In Fig. 6 we
compare our theoretical results for the magnetic-field de-
pendence of the velocity shifts of the longitudinal phonon
modes with our experimental data at low temperature.
FIG. 6. (Color online) Measured velocity shifts of the longitu-
dinal c22-phonon mode (squares) and the c33-mode (circles) of
Cs2CuCl4 as a function of the magnetic induction B taken at
T = 52 mK (c22-mode) and T = 48 mK (c33-mode). The solid
line is a fit of the data for the c22-mode to our theoretical re-
sults at zero temperature given in Eqs. (2.77, 3.1, 3.14, 3.15).
From this fit we obtain for our phenomenological parame-
ters κ and κ′ introduced in Eqs. (4.1a) and (4.1b) the values
κ ≈ 15 and κ′ ≈ 51. Using the same values for the c33-mode,
we obtain the theoretical prediction represented by the dashed
line. From the inset it is obvious that in the weak-field regime
B . 2.5 Tesla where our spin-wave approach should be most
accurate we obtain excellent agreement between theory and
experiment. The anomalies near the critical field Bc ≈ 8.5
Tesla might have a different physical origin than magnon ex-
citations, so that these features cannot be explained within
our spin-wave approach.
The data for the c22-mode was obtained at T = 52 mK,
while the data for the c33-mode was taken at T = 48 mK.
The parameters κ and κ′ were determined by fitting our
theoretical results for the c22-mode to the data. The re-
sulting values κ ≈ 15 and κ′ ≈ 51 are then inserted back
into our expression for the c33-mode, so that our theo-
retical prediction for the c33-mode does not contain any
adjustable parameters.38 From the inset in Fig. 6 it is
obvious that in the weak-field limit B . 2.5 Tesla, where
our calculations of the velocity shifts are expected to be
most accurate, we obtain excellent agreement between
theory and experiment. The deviations between the ex-
perimental data and our calculations for larger fields sig-
nal the breakdown of our theoretical approach which does
not take into account higher order fluctuation corrections
and other types of excitations. These are likely to play
a role in the vicinity of the critical magnetic field where
the magnetic order vanishes. Near the critical field for
temperatures below 0.3 K the ultrasonic attenuation ex-
hibits a double peak structure which will be discussed in
a separate publication.
Having fixed the fit parameters κ and κ′ from the ve-
locity shifts, our theoretical result for the ultrasonic at-
tenuation rate given in Eqs. (3.25) and (3.26) does not
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FIG. 7. (Color online) Experimental results for the relative
ultrasonic attenuation ∆α in Cs2CuCl4 of the longitudinal
c22-phonon mode (squares) and the c33-mode (circles) taken
at T = 52 mK (c22-mode) and T = 48 mK (c33-mode). The
solid and the dashed lines represent our corresponding theo-
retical predictions given in Eqs. (3.25) and (3.26). The atten-
uation rates have been obtained using the same values κ = 15
and κ′ = 51 for the fit parameters as in Fig. 6. The constant
offset in the attenuation rates is due to the fact that with our
experimental technique we can only measure relative attenua-
tion rates. Note that for very small fields the data approaches
∆α = 0.
contain any adjustable parameters. In Fig. 7 we com-
pare the results of our calculations for the attenuation
rate of the c22 and c33 phonon modes with the experi-
mental data of the relative attenuation ∆α. For fields
in the range h . 0.8hc the measured attenuation rates
are rather small, while one observes a strong enhance-
ment for h → hc. This indicates that, at least for small
magnetic fields, other effects leading to the large atten-
uation background are not field dependent. The overall
shape of the data is reproduced by our theoretical curves
rather well, although our spin-wave calculation cannot
reproduce the shoulder just below the critical field. Note
that according to Eqs. (3.25) and (3.26) the attenuation
rate for fields in the vicinity of the critical field can be
approximated by
γkλ ≈ pi
2
64
(
k2
2M
)(
S2c2λk
2
VBZvxvy
) [fXβ1 (kˆ) · ekλ]2
(1− h/hc)2 , (4.7)
where we have approximated sin θ ≈ 1 and cos θ ≈√
2(1− h/hc) for h close to hc, and have used the fact
that in Cs2CuCl4 the ratio rkλ = v(kˆ)/cλ is small com-
pared with unity. One should keep in mind, however,
that in the vicinity of hc higher order fluctuation cor-
rections which we have neglected within our spin-wave
expansions are likely to become important, so that we do
not expect that Eq. (4.7) is quantitatively accurate very
close to hc. Nevertheless, from Fig. 7 it is clear that the
factor of (1 − h/hc)−2 in Eq. (4.7) gives a satisfactory
description of the strong enhancement of the attenuation
rate in the vicinity of the critical field.
V. SUMMARY AND CONCLUSIONS
In summary, we have presented both theoretical and
experimental results for the magnetic-field dependence of
the elastic constants and the ultrasonic attenuation rate
in the cone state of the frustrated quantum antiferro-
magnet Cs2CuCl4. Our calculations are based on the as-
sumption that two-dimensional magnons are well defined
excitations in this material, so that we may use the 1/S
spin-wave expansion in combination with an expansion in
powers of phonon operators. Using a simple phenomeno-
logical parametrization of the spatial variations of the
exchange couplings involving two adjustable parameters,
our theoretical results for the magnetic-field dependence
of the elastic constants agree quite well with our ex-
perimental measurements, in particular in the weak-field
regime B . 2.5 Tesla where our perturbative approach is
expected to be most accurate. Our theoretical results for
the ultrasonic attenuation rate reproduce the strong en-
hancement close to the critical magnetic field, although
our approach is likely to break down in the vicinity of
the quantum critical point.
The fact that the ultrasonic attenuation rate is pro-
portional to k4 implies that the coupling to the magnon
excitations does not destroy the quasiparticle charac-
ter of the long-wavelength acoustic phonons. To arrive
at this result, it was essential to work out the relevant
magnon-phonon matrix elements with great care, taking
into account that due to magnon-phonon hybridization
in the cone state the cubic part the pure magnon Hamil-
tonian indirectly contributes to the effective one-phonon
two-magnon interaction. Up to now the predicted k4-
dependence of the attenuation rate on the phonon mo-
mentum could not be detected experimentally. A possi-
ble reason is that the magnetic contribution is small com-
pared with the background, which does not depend on
the magnetic field. In the vicinity of the critical field, the
magnetic contribution becomes large, but it is question-
able whether our calculation is still valid in this regime.
We have intentionally restricted the calculations pre-
sented in this paper to the magnetically ordered cone
state of Cs2CuCl4, because in this case our spin-wave
approach is well justified. The investigation of magnon-
phonon interactions in the immediate vicinity of the
quantum critical point and in the other phases of
Cs2CuCl4 such as the spin-liquid phase or the ferromag-
netic phase is left for future work. Since magnons in
frustrated magnets can have anomalous properties such
as strong damping,39,40 due to magnon-magnon interac-
tions, it should be interesting to take a closer look at
these interaction processes between magnons in the cone
state, especially in the vicinity of the quantum critical
point.
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APPENDIX: PROCESSES INVOLVING ONE
PHONON AND ONE MAGNON IN THE
INTERMEDIATE STATE
In this appendix, we show that in Cs2CuCl4 where the
phonon velocities are large compared with the magnon
velocities the ultrasonic attenuation rate due to processes
involving one phonon and one magnon in the intermedi-
ate state shown in Fig. 5(b) is small compared with the
contribution from processes with two magnons in the in-
termediate state shown in Fig. 5(a).
Consider the part H2pho1mag of the magnon-phonon inter-
action involving two powers of the phonon operators and
one power of the magnon operators. It can be obtained
from Hnphospin given in Eq. (2.60) by setting n = 2 and ex-
panding the spin operators to first order in the Holstein–
Primakoff magnon operators. The Fourier transform of
the relevant phonon part U
(2)
k,k′ is given in Eq. (2.66). We
obtain
H2pho1mag =
1
2!
√
N
∑
k,k′
∑
λλ′
[
ΓXXb
†
kλ,k′λ′XkλXk′λ′b
†
k+k′
+ ΓXXbkλ,k′λ′X−kλX−k′λ′bk+k′
]
, (A.1)
where the vertices are
ΓXXb
†
kλ,k′λ′ = e
†
kλΓ
XXb†
kk′ ek′λ′ , (A.2)
ΓXXbkλ,k′λ′ = e
†
kλΓ
XXb
kk′ ek′λ′ , (A.3)
with ΓXXb¯kk′ and Γ
XXb
kk′ given by the following matrices in
the direction labels,
ΓXXb
†
kk′ =
i
4
(2S)3/2cθ
[
J
(2−)
k+k′,Q − J(2−)k,Q − J(2−)k′,Q
− sθ
(
J
(2+)
k+k′,Q − J(2+)k,Q − J(2+)k′,Q + J(2+)0,Q
)]
= −ΓXXbkk′ , (A.4)
where the tensors J
(2±)
k,Q were introduced in Eqs. (2.78b,
2.78a). From the symmetries in Eq. (2.79) it follows that
for small k and k′ the vertices ΓXXb¯kk′ and Γ
XXb
kk′ vanish
quadratically in k and k′. Transforming to the Bogoli-
ubov basis, our Hamiltonian (A.1) assumes the form
H2pho1mag =
1
2!
√
N
∑
k,k′
∑
λλ′
[
ΓXXβ¯kλ,k′λ′XkλXk′λ′β
†
k+k′
+ ΓXXβkλ,k′λ′X−kλX−k′λ′βk+k′
]
, (A.5)
with
ΓXXβ¯kk′ = uk+k′Γ
XXb¯
kk′ − vk+k′ΓXXb−k,−k′ , (A.6)
ΓXXβkk′ = uk+k′Γ
XXb
kk′ − vk+k′ΓXXb¯−k,−k′ . (A.7)
To second order in the two-phonon one-magnon vertex,
we obtain for the phonon self-energy
Σpho3 (K,λ) =
T
N
∑
K′λ′
|ΓXXβkλ,k′λ′ |2
M2
Gpho(K ′λ′)Gmag(K ′+K)
+ (K → −K), (A.8)
where ΓXXβkλ,k′λ′ = e
†
kλΓ
XXβ
kk′ ek′λ′ . The Matsubara sums
can now be carried, out and we obtain
Σpho3 (K,λ) =
1
N
∑
k′λ′
|ΓXXβkλ,−k′λ′ |2
2ωk′λ′M2
[
n(ωk′λ′)− n(Ek−k′)
iω + ωk′λ − Ek−k′
+
n(ωk′λ′) + n(Ek−k′) + 1
iω − ωk′λ′ − Ek−k′
]
+ (K → −K), (A.9)
At zero temperature this yields for the ultrasonic atten-
uation rate
γkλ =
pi
2ωkλ
1
N
∑
k′λ′
∣∣ΓXXβkλ,−k′λ′ ∣∣2
2ωk′λ′M2
δ(ωkλ − ωk′λ′ − Ek−k′).
(A.10)
In the long-wavelength limit we obtain for the relevant
matrix element of the interaction vertex
ΓXXβk,−k′ = −
i
4
(2S)3/2
{
sθ
√
k−k′
hc
(k · ∇Q)(k′ · ∇Q)
[
J
(2)
Q
∣∣∣
Q=0
− J(2)Q
]
− c
2
θ
2
√
hc
k−k′
[(k − k′) · ∇Q](k · ∇Q)(k′ · ∇Q)J(2)Q
}
.
(A.11)
To carry out the integration in Eq. (A.10), we use the fact
that in the experimentally relevant regime the phonon ve-
locities are much larger than the magnon velocities. Then
the scattering surface defined by ωkλ−ωk′λ′−Ek−k′ = 0
can be explicitly calculated to leading order in v(kˆ)/cλ.
Using circular coordinates we obtain the parametric rep-
resentation
k′(ϕ′) = |k|cλ − u(kˆ, ϕ
′)
cλ′
kˆ′(ϕ′), (A.12)
where kˆ′(ϕ′) = cosϕ′ex + sinϕ′ey, and
u(kˆ, ϕ′) =
√
v2x(kˆx − cosϕ′)2 + v2y(kˆy − sinϕ′)2.
(A.13)
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To leading order in v(kˆ)/cλ we obtain
γkλ =
piS3
4
(
k2
2M
)(
k2
VBZ
)∑
λ′
(
hc
Mc2λ′
)(
cλ
cλ′
)2 ∫ 2pi
0
dϕ′
u(kˆ, ϕ′)
cλ′
|e†kλFXXβ(kˆ, ϕ′)ek′λ′ |2, (A.14)
where the dimensionless matrix element is given by
FXXβ(kˆ, ϕ′) =
sθ
hc
(kˆ · ∇Q)(kˆ′(ϕ′) · ∇Q)
[
J
(2)
Q
∣∣∣
Q=0
− J(2)Q
]
− c
2
θ
2u(kˆ, ϕ′)
[(kˆ − cλ
cλ′
kˆ′(ϕ′)) · ∇Q](kˆ · ∇Q)(kˆ′(ϕ′) · ∇Q)J(2)Q . (A.15)
Comparing Eq. (A.14) with the corresponding damping
rate (3.25) due to one-phonon two-magnon processes, we
see that in the experimentally relevant regime where the
magnon velocities are small compared with the phonon
velocities, the processes with two magnons in the inter-
mediate states are dominant, although both processes
yield contributions to the ultrasonic attenuation rate
which are proportional to k4 at long wavelengths.
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